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Towers of Powers and Bruhat Order 
JERROLD R. GRIGGS AND MICrtELLE L. WACHS 
An Amer ican  Mathemat ica l  Month ly  article by B. W. Brunson [3] deals with an 
interesting partial order on the symmetric group, ~, ,  which arises from comparing 
permutations of iterated exponentials. In this note, we consider the relationship 
between this partial order and a well-known partial order on Sen known as Bruhat order 
(cf. [2]). Brunson essentially shows that his partial order is stronger than the dual of 
Bruhat order, i.e. if o < T in Bruhat order then o > T in his order. For n ~< 4, Brunson's 
order turns out to be identical to Bruhat order. It is then natural to hope that this be 
true for general n. We show that this is not the case by giving a simple counter-example 
for n = 5. In fact, our counter-example also disproves Conjectures A and B in [3], and 
shows that Brunson's order does not satisfy the Jordan-Bedekind chain condition (c.f. 
[1]). Our counter-example follows from Theorem 1 below which establishes, by 
elementary means, a fundamental property of iterated exponentials. At about the same 
time that this paper was first written, J. R. Stembridge had independently shown that 
Brunson's order and Bruhat order differ by giving an illuminating characterization of
Brunson's order (see [5]). For another treatment of Brunson's order, see [4]. 
We begin by defining Brunson's order, which is obtained by considering iterated 
exponentials 
,.z 
T(x ,  y . . . .  , z )  = x y , (1) 
where x, y . . . . .  z are positive real numbers and association is from right to left. Such 
an expression is called a tower .  For o • Sen and n-tuple x = (Xl, x2, • • . ,  xn) in R n, let 
o(x) = (x~o) ,  x~c2), . . . , xo~) ) .  An n-tuple x = (xl, x2, • . . , x~) is said to be i nc reas ing  
if Xl<~X2<~-"<~x~. For o, re  5e, we say that o is less than or equal to r in tower  
order ,  written o~<rr  , if T (o (x ) )~ < T(r(x))  for all increasing n-tuples x with x~ >~e 
(= 2. 718 - • .). Antisymmetry, the only non-obvious property that need be verified in 
order to show that this is indeed a partial order relation, is established by [3, 
Proposition 4]. 
We shall express permutations o as words o (1)o (2) - . -o (n )  in the letters 
1, 2 , . . . ,  n. A transposition t in 5e shall be expressed as a pair (i, j), where t ( i )= j ,  
t(]) = i and t (k )  = k for k :# i, j. Recall that the number of inversions of a permutation 
o, denoted inv(o), is the number of pairs (i, j)  such that 1 ~< i < j  ~< n and o i > 01, e.g. 
inv(41532) = 6. 
For o, r ~ 5e, we say that o is less than r in Bruhat  order ,  written o<8 r, if there is 
a sequence of transpositions t l ,  t2 , . . . , tk  such that r=ot  l t2 . . - tk  and 
inv(otlt2 - - - tj) < inv(ot~t2 - • • ti+l ) for all j = 0, 1 . . . .  , k - 1. For example, 41532 <B 
43521, since 43521 = 43512- (45) = 41532. (24) - (45) and inv(41532) < inv(43512) < 
inv(43521). Note that we go 'up' in Bruhat order when we interchange a smaller letter 
on the left with a larger letter on the right in a permutation. 
The Hasse diagrams of tower order for n = 3, 4 are given in [3, Figures 3 and 4]. It is 
easily checked that these diagrams are the respective duals of the Hasse diagrams of 
Bruhat order for n =3,  4. Hence Bruhat order and the dual of tower order are 
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identical for n ~< 4. We shall now show that this is not the case for n = 5. First we need 
a general result on iterated exponents. 
THEOREM 1. For all a, b, c such that e ~ a ~ b and e <~ c, and all integers k >! O, 
T(b ~, a, c) <~ T(a k, b, c), 
where x k denotes the letter x appearing k times. 
PROOF. We first note that 
(2) 
Hence the result holds for k = 0. For k ~ 1, we shall prove the following stronger esult 
by induction on k: 
This is equivalent to 
T(a k, b, c) >_ T(a k-l, b, c) 
T(b*, a, c) ~ T(b k- ' ,  a, c) ~ 1. (4) 
For k = 1, we show that, for all x >i a, 
T (a ,x ,  c) T(x, c) 
T(x, a, c) T(a, c)" 
T(a, x, c)T(a,  c) >! T(x, a, c)T(x,  c). 
By setting f (x )  equal to the difference of the logarithms of both sides, we see that (5) is 
equivalent to 
f (x )  = (In a)(x c + c) - (In x)(a C + c) >/0. (6) 
Clearly f (a )  = 0. Taking the derivative with respect o x, we obtain 
f ' (x )  = (In a)(cx ~-1) - x - ' (a  ~ + c) 
= x- ' ( ( ln  a)cx c - a ~ - c) 
>~x- l (2xC-a~-c )  (for x >0)  
=x-l(x~-aC +xC-c)  
>~0 (for x >~a). 
It follows that f is an increasing function of x for x/> a. Since f (a )  = 0, (6) holds and 
hence (5) holds. Setting x = b in (5) and combining this with (3) completes the base 
step of the induction. 
Now suppose k > 1, and inductively assume that (4) holds for k - 1, i.e. 
T(a k-l, b, c) T(a k-a, b, c)>_ 1. (7) 
T(b k-l, a, c) >- r(b k-2, a, c) 
The second inequality of (4) follows immediately from (7). To complete the proof of 
(4), we use (7) to compare logarithms of the term on the left-hand side (LHS) and the 
(5) 
bC/a ~ ~> 1. (3) 
Towers of powers and Bruhat order 369 
term in the middle (MID) of (4); that is, 
ln(LHS) = (In a)T(a k-l, b, c) - (In b)T(b ~-a, a, c) 
= T(b ~-1, a, c)((lna) T(ak-l' b, c) l nb]  
T(b k-l, a, c) / 
>I T(b k-l, a, 
_ T(b k-l, a, 
T(b k-2, a, 
__  T(b k-l, a, 
T(b k-2, a, 
/> In(MID). 
Hence (4) holds for all k I> 1. 
c ) ( ( lna)  T(ak-2' b, c) l nb)  
T(b k-2, a, c) 
~) ((lna)T(a k-2, c ) ( In  a, c)) b, b)T(b k-2, 
c~ In(MID) 
[] 
We are now ready to give the counter-example which shows that Bruhat order is not 
the same as the dual of tower order for n >/5. 
EXAMPLE 1. We claim that 
23415 <r  32145. 
Let o = 23415 and v = 32145, and let x = (xl, x2, x3, x4, xs) be any increasing 5-tuple 
with xl ~> e. Set a = xl, b -- x4 and c = Xs. We have 
= r(x2, x3, x4, xi, xs) 
<<- T(b, b, b, a, c) 
<~ T(a, a, a, b, c) (by Theorem 1) 
<~ T(x3, x2, xl, X 4 ,  Xs) 
= 
Hence, a<rv  as claimed. But since inv(~r)=3=inv(r ) ,  o and v are unrelated in 
Bruhat order. Therefore Bruhat order and the dual of tower order are not the same for 
n = 5 (and consequently for n > 5 also). 
This example also shows that Theorem 6 in [3] cannot be true. This theorem states, 
without proof, that the transposition of adjacent numbers results in a covering relation 
in tower order. By Example 1 and [3, Theorem 1], which states that the transposition 
of a decreasing pair of letters takes us up in tower order, we have 23415 <T 32145 <r  
23145. Hence 23145 does not cover 23415 in tower order. But since 23145= 
23415 - (3, 4), Theorem 6 is contradicted. Note that our convention in multiplying per- 
mutations is different from Brunson's. He would place the transposition (3, 4) to the 
left of 23415, to obtain 23145. His Theorem 5, which says that the transposition of con- 
secutive numbers results in a covering relation, is indeed correct. 
By letting v = 23145 and tr = 23415 we also obtain a counter-example to Conjecture 
A in [3]. This is because (12) (23) and (12) (23) (34) are 'irreducible representations' 
for v and ~r, respectively, and neither v nor o covers the other. 
Conjecture B in [3] states that 'v covers tr' implies that inv(o) = inv(v) + 1. This is 
equivalent to saying that the dual of tower order on O°n has rank function inv. While 
this is true for Bruhat order, it turns out to be false for the dual of tower order. 
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Example 1 is again a counter-example. The number of inversions can actually increase 
as we go up in tower order. Indeed, the same argument that was used in Example 1 can 
be used to show that 234516 <T 432156 (just set a = Xl, b = x5 and c = x6). 
Finally, we use Example 1 and [3, Theorem 5] to show that tower order does not 
have any rank function at all, i.e. does not satisfy the Jordan-Dedekind chain 
condition. Since consecutive transpositions give rise to covering relations in tower 
order, the chain 23415 <r  13425 <r  12435 <T 12345 is an unrefinable chain from 23415 
to the top element of the partially ordered set. The length of this chain is 3. A longer 
unrefinable chain from 23415 to 12345 can be obtained by combining any unrefinable 
chain from 23415 to 32145 with the unrefinable chain 32145<T31245<r21345 <T
12345. It follows that all unrefinable chains between two elements need not have the 
same length. 
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